The surface body is a generalization of the floating body. Its relation to p-affine surface area is studied. r 2003 Published by Elsevier Inc.
1. Introduction
Background
The affine surface area was originally introduced by Blaschke [B] for convex bodies in R 3 with sufficiently smooth boundary. Its definition involves the Gauss curvature of the boundary points of a convex body. Hence, it provides a tool to ''measure'' the boundary structure of a convex body. Therefore, it is not surprising that the affine surface area occurs naturally in problems related to the boundary of a convex body, so for instance in the approximation of convex bodies by polytopes. For more information about this subject and the role the affine surface area plays
there, we refer to the works by Ba´ra´ny, [Ba1, Ba2] , Gruber [Gr1, Gr2, Gr3] , Schu¨tt [Sch1, Sch2] and Schu¨tt and Werner [SchW2] . Extensions of the affine surface area to higher dimensions and arbitrary convex bodies were only found much later than Blaschke's times by Leichtweiss [L1, L2] , Lutwak [Lu1] , Schu¨tt and Werner [SchW1] , Schmuckenschla¨ger [Schm] , Meyer and Werner [MW1] and Werner [W1] . Additional references to the affine surface area as well as further applications can also be found in those papers as well as in Leichtweiss [L3] , Ludwig and Reitzner [LudR] , Lutwak and Oliker [LuO] and [W2] .
Here we want to concentrate on the p-affine surface area which, for p40; was introduced in 1996 by Lutwak [Lu2] . For p ¼ 1; the p-affine surface area is just the affine surface area. Hug [H] gave new definitions of the p-affine surface area. He also proved that these new definitions give the same p-affine surface area as that defined by Lutwak.
Meyer and Werner [MW2] found a geometric interpretation of the p-affine surface area in terms of the (generalized) Santalo´bodies. They also observed that the definition of Lutwak for the p-affine surface area makes sense for Ànopp0 and their geometric interpretation in terms of the Santalo´bodies also holds for this range of p: They also gave a definition of the p-affine surface area for p ¼ Àn together with its geometric interpretation.
In [SchW2, W3] it was suggested to extend the p-range even further, namely to ÀNpppN: This extension was motivated in [SchW2] by the fact that there is a characterization of the p-affine surface area in terms of random polytopes and this characterization holds for ÀNpppN: In [W3] a characterization of the p-affine surface area for all p is given using weighted floating bodies.
In this paper we give a new characterization of the p-affine surface area using surface bodies. The paper is organized as follows: In Section 2 we define the surface bodies and discuss some of their properties. The surface bodies were introduced in [SchW2] in connection with approximating convex bodies by random polytopes. Many of the properties mentioned here have already been stated and proved in [SchW2] . We include them here for completeness.
In Section 3 we introduce the p-affine surface area for ÀNpppN and discuss some of the properties of the p-affine surface area. For a given probability density f on the boundary of a convex body K and a positive number s the surface body K f ;s is the intersection of all half-spaces H þ such that R @K-H À fdm @K ps: Our main theorem is that under certain assumptions on the density f and the boundary @K where d n is a constant depending only on the dimension n and k the generalized GauX-Kronecker curvature. As a consequence, for the p-affine surface area O p there is q ¼ ¼ O p ðKÞ:
Notation
Throughout the paper we shall use the following notations. B n 2 ða; rÞ is an ndimensional Euclidean ball with radius r centered at a: We put B n 2 ¼ B n 2 ð0; 1Þ: By jj:jj we denote the standard Euclidean norm on R n ; by / : ; : S the standard inner product on R n : For two points x and y in R n ½x; y ¼ fax þ ð1 À aÞy : 0pap1g denotes the line segment from x to y:
For a convex body K in R n ; K 3 is the interior of K and @K is the boundary of K:
We also write S nÀ1 for @B n 2 : For xA@K; N @K ðxÞ is the outer unit normal vector to @K in x: It may not be unique.
For uAS nÀ1 ; h K ðuÞ is the support function of K at u: m @K is the usual surface measure on the boundary @K of K and s is the spherical Lebesgue measure. vol nÀ1 ðAÞ denotes the surface area measure of a subset A of the boundary of a convex body.
Hðx; xÞ is the hyperplane containing the point x and orthogonal to x: H À ðx; xÞ is the closed half-space containing the point x þ x; H þ ðx; xÞ the other half-space. Let U be a convex, open subset of R n and let f : U-R be a convex function. df ðxÞAR n is called subdifferential at the point x 0 AU; if we have for all xAU f ðx 0 Þ þ /df ðx 0 Þ; x À x 0 Spf ðxÞ:
A convex function has a subdifferential at every point and it is differentiable at a point if and only if the subdifferential is unique. Let U be an open, convex subset in R n and f : U-R a convex function. f is said to be twice differentiable in a generalized sense in x 0 AU; if there is a linear map d 2 f ðx 0 Þ and a neighborhood Uðx 0 ÞDU such that we have for all xAUðx 0 Þ and for all subdifferentials df ðxÞ 
F
For uAS nÀ1 ; f k ðuÞ is the GauX curvature function, that is the reciprocal of the GauX-Kronecker curvature kðxÞ at this point xA@K that has u as outer normal.
The surface body
Let K be a convex body and f : @K-R be a nonnegative, integrable function with R @K f ðxÞ dm @ðKÞ ðxÞ ¼ 1: The probability measure P f is the measure on @K with density f : Definition 1. Let 0ps and let f : @K-R be a nonnegative, integrable function with R @K f ðxÞ dm @ðKÞ ðxÞ ¼ 1:
The surface body K f ;s is the intersection of all the closed half-spaces H þ whose defining hyperplanes H cut off a set of P f -measure less than or equal to s from @K: More precisely,
We write usually K s for K f ;s if it is clear which function f we are considering.
Remarks. (i) It follows from the Hahn-Banach theorem that K 0 DK: If in addition f is m @K -almost everywhere nonzero, then K 0 ¼ K as it is shown in Lemma 2(iv) (See Fig. 1 ).
(ii) For many convex bodies K and functions f the bodies K f ;s shrink continuously from K f ;0 ¼ K to a body that consists of one point only. Usually, this point is an interior point of K: In most cases the volume of K f ;s is strictly positive until it is reduced to a point and below we give conditions for K and f for this to happen. 
In general, however this may not be so. We describe two cases: 1. K f ;s shrinks to a convex set of lower dimension that is contained in the boundary of K: Eventually, it shrinks to a point in the boundary of K:
2. There is a constant c40 and s 0 such that for all s with 0psos 0 the volume of K f ;s is larger than c and K f ;s 0 ¼ | (see Example (ii) in Remarks 6).
(iii) Through a similar construction we obtain a ''weighted floating body'': Let 0ps and let f : K-R be a nonnegative, integrable function. The weighted floating body F ðK; f ; sÞ is the intersection of all the closed halfspaces H þ whose defining hyperplanes H cut off a set of measure less than or equal to s from K: More precisely,
These bodies are investigated in [W3] . We say that a sequence of hyperplanes H i ; iAN; in R n converges to a hyperplane H if we have for all xAH that Recall that for a hyperplane Hðx; xÞ through x; with normal x; H À ðx; xÞ is the halfspace containing x þ x: Lemma 2. Let K be a convex body in R n and let f : @K-R be an a.e. positive, integrable function with R @K f ðxÞ dm @ðKÞ ðxÞ ¼ 1: Let xAS nÀ1 : Let H i ; iAN; be a sequence of hyperplanes that converge to the hyperplane H 0 : Assume that the hyperplane H 0 intersects the interior of K. Then we have
(If H 0 does not intersect the interior of K the equality does not hold necessarily.) (iv)
Since f is an integrable function (i) follows.
(ii) Since H À ðx 0 ; xÞ is the half-space containing x 0 þ x we have for t 1 and t 2 with t 1 ot 2
Thus @K-H À ðx 0 À t 2 x; xÞ-H þ ðx 0 À t 1 x; xÞ has positive n À 1-dimensional Hausdorff-measure. If 
where x 0 is an interior point of K: Therefore for all e40 there exists i 0 such that for
This implies
Since x 0 is an interior point of K; for e small enough x 0 À ex 0 and x 0 þ ex 0 are interior points of K: Therefore, Hðx 0 À ex 0 ; x 0 Þ and Hðx 0 þ ex 0 ; x 0 Þ intersect the interior of K: The claim now follows from (i).
(iv) Suppose the inclusion is not true. Then there is xA K 3 with xe S 0os K s : Therefore, for every iAN there is a hyperplane H i with xAH i and
By compactness there is a subsequence H i j ; jAN; that converges to a hyperplane H with xAH: By choosing another subsequence we make sure that the limit
Since xAH the hyperplane H intersects the interior of K: Thus, by (iii)
On the other hand, vol nÀ1 ð@K-H À Þ40 which implies
since f is a.e. positive. We have K ¼ K 0 because K 0 is a closed set and
Thus KDK 0 : The opposite inclusion follows from the theorem of Hahn- ; but the tangent hyperplanes through these points contain one side and therefore cut off a set of P f -volume 1 4 (cf. Fig. 2 ). The construction in higher dimensions for the cube is done in the same way.
This example also shows that the surface body is not necessarily strictly convex and it shows that the assertion of Lemma 3(ii) does not hold without additional assumptions. 
(ii) There exists T with 0oTp 1 2 such that K T is nonempty, vol n ðK T Þ ¼ 0 and vol n ðK t Þ40 for all toT:
(iii) For all s with 0psoT
Clearly, if K is centrally symmetric with respect to the origin and f satisfies f ðxÞ ¼ f ðÀxÞ; then T ¼ 1=2 and K T contains only one element, namely the center of symmetry. The assumption that f is a.e. positive is necessary.
Proof. (i) Since we have for all iAN that K s 0 DK s i ; we get trivially
We 
To check this it is enough to consider two parallel hyperplanes both of which intersect the interior of K:
(ii) We put
Since the sets K s are compact, convex, nonempty sets, \
is a compact, convex, nonempty set. On the other hand, by (i) we have
Now we show that vol n ðK T Þ ¼ 0: Suppose that vol n ðK T Þ40: Then there is
Since we require that x 0 AH we have that P f ð@K-H À Þ is only a function of the normal of H: Since x 0 is an element of the interior of K T it is also an element of the interior of K: Thus H intersects the interior of K and we can apply Lemma 2(iii). Therefore P f ð@K-H À Þ is a continuous function of H: 
We can pass to a convergent subsequence of hyperplanes. By Lemma 2(iii) we conclude that there is a hyperplane H with x 0 AH and
Since t 0 4 1 2 ðT þ t 0 Þ this contradicts the definition of t 0 : (iii) Suppose that this is not true. Then there are xAK s and r40 with B n 2 ðx; rÞ-
Since vol n ðK s Þ40 the set B n 2 ðx; rÞ-K s contains an interior point. Therefore, there is an interior point y of K s (which is in particular an interior point of K) such that ye S d40 K sþd : Therefore, for every nAN there is a hyperplane H n with yAH n and
Let n 0 be so big that s þ 1 n 0 oT: By compactness there is a convergent subsequence of hyperplanes H n j ; jAN with limit H 0 such that yAH 0 : The hyperplane H 0 intersects the interior of K because y is an interior point of K:
Therefore, we can apply Lemma 2(iii).
This implies that y is not an interior point of K s which is not true. &
In the next proposition we need the Hausdorff distance d H which for two convex bodies K and L in R n is
Proposition 5. Let K be a convex body in R n and let f : @K-R be a positive, continuous function with
there is always such a hyperplane). Then x is the center of gravity of @K-H with respect to the measure
where N @K ðyÞ is the unit outer normal to @K at y and N @K-H ðyÞ is the unit outer normal to @K-H at y in the plane H.
(ii) If K has a C 1 -boundary and K s C K 3 ; then K s is strictly convex. (ii) In Proposition 5 we have shown that under certain assumptions the surface body reduces to a point. In general this is not the case. We give an example. Let K be the Euclidean ball B 
where C is a cap of the Euclidean ball with surface area equal to 1 4 vol nÀ1 ð@B n 2 Þ: Then we get that for all s with so 1 2 that K s contains a Euclidean ball with positive radius. On the other hand K 1=2 ¼ |:
(iii) If K is a convex body that is centrally symmetric with respect to the point x 0 and f is symmetric (i.e. f ðx 0 þ xÞ ¼ f ðx 0 À xÞ), then the surface point x T coincides with the center of symmetry x 0 : If K is not symmetric then To Proof of Proposition 5. (i) Let e H H be another hyperplane passing through x and e the angle between the two hyperplanes. Then we have
Let x be the vector in H with jjxjj ¼ 1 that is orthogonal to H-e H H and that points into the direction of the wedge Fig. 3 ). Then the last expression equals
We verify the latter equality. The distance of yA@K-H from H-e H H is /y À x; xS: Next observe that the ''height'' of the wedge at y is /y À x; xStan e: This follows from Figs. 3 and 4.
A surface element of @K at y equals, up to an error of order oðeÞ; the product of a volume element at y in @K-H and the length of the tangential line segment between H and e H H at y: The length of this tangential line segment is, up to an error of order oðeÞ; /y À x; xStan e /N @K-H ðyÞ; N @K ðyÞS : We divide both sides by e and pass to the limit for e to 0: Thus we get for all x
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Since this inequality holds for x as well as Àx: (Consider another hyperplane e H H tilted in the opposite direction.) we get for all x ARTICLE IN PRESS 
of the boundary of K T since the volume of K T is 0 and thus has no interior points. Therefore @K T contains a line-segment ½u; v and cannot be strictly convex, contradicting (ii). The condition: For every xA@K there is rðxÞoN such that K+B n 2 ðx À rðxÞN @K ðxÞ; rðxÞÞ; implies that K has everywhere unique normals. This is equivalent to differentiability of @K: By Corollary 25.5.1 of [Ro] @K is continuously differentiable. The remaining assertion of (iii) now follows from Lemmas 3(ii) and 4(ii).
(iv) Suppose this is not the case. Then there are s and e40 such that for all d with
Let n 0 be so big that s þ 1 n 0 oT: For each n with nXn 0 we choose x n A@K s with
The sequence x n ; nAN has a convergent subsequence whose limit we denote by provided the above integrals exist.
In particular, for p ¼ 0
If the boundary of K is sufficiently smooth then where h K is the support function and f k the curvature function, i.e. the reciprocal of the Gauss curvature kðxÞ at this point xA@K that has u as outer normal. Blaschke [B] introduced the affine surface area for convex bodies which are sufficiently smooth. This is the case p ¼ 1 in the above definition, i.e. O 1 : Several authors showed independently that the affine surface area O 1 can be extended to arbitrary convex bodies [L1, Lu1, Schm, SchW1, MW1, W1] . Schu¨tt and Werner [SchW1] showed specifically that the above formula for O 1 extends naturally to arbitrary convex bodies.
Lutwak [Lu2] introduced the p-affine surface area for 1pppN and arbitrary convex bodies. He used for the definition expressions that are equivalent to (3) and (4) and showed in the case of smooth convex bodies that both expressions coincide. Hug [H] proved that the expressions coincide for all convex bodies. Meyer and Werner [MW2] introduced a definition for O Àn and gave geometric characterizations of the p-affine surface area for ÀnpppN:
Let us note that the definition of O N here is different from the definition in [Lu2] .
The definitions differ by the factor vol n ðKÞ n nþ1 vol n ðK Ã Þ À n nþ1 : We have for all convex bodies and all p with 0pppN that the quantities O p ðKÞ are uniformly bounded. For p ¼ 0 this follows from (5) and for p ¼ 7N this follows from (6) in the smooth case. For 0opoN; it follows from Ho¨lder's inequality. Indeed, Similarly, we get for not necessarily smooth K that
Thus O p is finite for all p with 0pppN: This need not to be so for negative values of p: We show that in the following example. In this example we also compute the p-affine surface areas for the unit balls of the l r n -spaces, 1oroN: Note also that for all p with 0oppN and for all p with po À n
as the Gaussian curvature is 0 a.e. and that for all p with Ànopo0
Example 8. Let 1oroN and B n r ¼ fxAR n j P n i¼1 jx i j r p1g: Then we have (ii) For all other cases with pa À n; 7N we have The curvature is
and the normal is
Thus we get
Now we integrate with respect to the variables x 1 ; y; x nÀ1 : The volume of a surface element in the plane of the first n À 1 coordinates equals the volume of the corresponding surface element on @B 
We show now (i). Let us first assume that 1oro2 and À n rÀ1 ppo À n: We observe that
Indeed, we have n þ po0 and n À rn À p4n À rn þ n ¼ nð2 À rÞ40: Thus In the case 2oroN and Ànopp À n=ðr À 1Þ we proceed in the same way. We have n þ p40 and n À rn À ponð2 À rÞo0: From pp À n=ðr À 1Þ we get ðpðr À 2ÞÞ=ðn þ pÞp À 1:
Now we show (ii). We have to evaluate (9). We use formula 4.635.4 in [GR] . The formula can also be found in volume III of [Fi, p. 392 [Lu2] and later by another method by Hug [H] for p with 0oppN: The affine invariance for ÀnoppN
follows from the results in [MW2] . The proof of [H] seems to carry over to negative p also. We include a proof here for the sake of completeness.
Proposition 9. Let ÀNpppN and pa À n: Let K be a convex body in R n such that 
Now we want to present a geometric characterization of the p-affine surface area for all p similar in spirit to the one given in [SchW2, W3] . A geometric interpretation for ÀnpppN exists already in [MW2] .
We will briefly mention the results of [SchW2] as some of the concepts introduced there will also be useful here.
A random polytope is the convex hull of finitely many points that are chosen from K with respect to a probability measure P on K: The expected volume of a random polytope of N points is
where ½x 1 ; y; x N is the convex hull of the points x 1 ; y; x N :
For a integrable, nonnegative function f : @K-R with R @K f ðxÞ dm ¼ 1 we denote by P f the probability measure with dP f ¼ fdm @K :
In [SchW2] random polytopes are considered where the points are chosen from the boundary of K with respect to P f and then the expected volume is
For q; ÀNpqpN; qa À n; let the functions f q : @K-R be given as follows: For q ¼ 7N; put 
The following theorem is a consequence of the result in [SchW2] . For the proof see [SchW2] .
Theorem 13. Let K be a convex body in R n with the origin in its interior. Assume also that there are r and R in R with 0orpRoN so that we have for all xA@K 
:
Now we come to the geometric interpretation of the p-affine surface area using surface bodies.
Let K be a convex body and xA@K: We define rðxÞ as the maximum of all real numbers r so that B n 2 ðx À rN @K ðxÞ; rÞDK: This has been used in [SchW1] One cannot expect that the asymptotic formula of Theorem 14 holds for all integrable function. We give an example.
It makes most sense to define 
dm @K is clearly finite.
Corollary 15. Let K be a convex body in R n with the origin in its interior. Let
ÀNpppN; pa À n: For pa À 1 let q ¼ nÀpðnÀ2Þ pþ1
and for p ¼ À1 let q ¼ N: Let f q be as in (10) 
where x L ¼ ½0; x-@L and m @K is the usual surface measure on @K:
The proof of Lemma 16 is standard. Since we want to apply the Lebesgue convergence theorem, we need a dominating function. This function turns out to have 1=rðxÞ as a factor. In [SchW1, Sch1] , dealing with related problems, the dominating function is a multiple of rðxÞ
which is integrable. In fact, as mentioned above, rðxÞ Àa is integrable provided that ao1 and there is an example in [SchW1] for which 1=rðxÞ is not integrable.
Lemma 17. Let K be a convex body in R n such that 0 is an interior point of K and let f : @K-R be an integrable function with R @K f ðxÞ dm @K ðxÞ ¼ 1 and such that f X0 a.e. ¼ 0:
Thus we may assume that N @K ðxÞ is unique and x s is an interior point of K:
As x and x s are collinear and jjx s jjpjjxjj
The last expression is also denoted by D s :
It is the distance of x to the hyperplane through x s and orthogonal to N @K ðxÞ: As x s is an interior point of K; by Lemma 3(i) there is a hyperplane H with x s AH and P f ð@K-H À Þ ¼ s:
We show now that there is a constant c such that we have for all xA@K 
This inequality is an analogue of an inequality in [Sch1] (see [Sch1, Lemma 5] where dðx s ; @B n 2 ðx À rðxÞN @K ðxÞ; rðxÞÞÞ denotes the distance of x s to the boundary of the Euclidean ball. We show this. In Fig. 7 this distance equals jjx s À y s jj:
As can be seen from Fig. 7 (17) and (18) : & Lemma 18. Let K be a convex body in R n and let x 0 A@K such that the indicatrix of Dupin exists at x 0 and is an ellipsoid (and not a cylinder). Let f : @K-R be a nonnegative, integrable function with R f dm ¼ 1: Assume that f ðx 0 Þ40 and that 
By (25) lim
Let p be the metric projection from @K to Hðx 0 À DN @K ðx 0 Þ; N @K ðx 0 ÞÞ: For every d40 there is D such that for all measurable AD@K-
This is easily seen since for D sufficiently small the normals N @K ðx 0 Þ and N @K ðxÞ differ only by a small angle. Compare the proof of Lemma 2.7 in [SchW2] .
We apply an affine transform T : R n -R n to K so that the indicatrix of Dupin is transformed into an n À 1-dimensional Euclidean ball (see formula (5) in [SchW2] ). T has the following properties:
and T maps a measurable subset of a hyperplane orthogonal to N @K ðx 0 Þ onto a subset of the same n À 1-dimensional measure. By (29) it follows that for all e40 there is D40 such that for all measurable subsets A of @K-
Indeed, by (29) the sets A and pðAÞ have up to a small error the same volume. TðpðAÞÞ has the same volume as pðAÞ: Now we compare this to p À1 ðTðAÞÞ: TðKÞ can be approximated at x 0 ¼ Tðx 0 Þ by a n-dimensional Euclidean ball, i.e. for all e40 there are D and r; R with rpRpð1 þ eÞr such that
For any D40 there is s 0 so that for all s with 0osps 0 is a ball whose radius is larger than 
The last inequality follows from (29). By (28) we get that for D sufficiently small on a subset of @K-H À ðx s ; N @K s ðx s ÞÞ whose measure is at least See e.g. [Fo, in the case of R n : The results carry over to the case of a boundary of a convex body. In particular, the result that we are using here, that the limit 
provided that (36) holds.
Lemma 19. Let K be a convex body in R n and x 0 A@K: Suppose that the indicatrix at x 0 exists and is an ellipsoid (and not a cylinder). Proof. (i) Since the indicatrix at x 0 is an ellipsoid we can approximate @K at x 0 by an ellipsoid. Therefore, there are D 0 ; r and R such that D 0 pr;
Since we have for all D with 0oDpD 0
On the other hand, with
We have
Therefore we get
(ii) Let r; R and D 0 as above. 
The left-hand inequality follows from (26) and (43). The right-hand inequality follows by (44) This implies
In Fig. 9 we see the two-dimensional plane that contains the points x 0 and x 0 À rN @K ðx 0 Þ and that is orthogonal to the n À 2-dimensional plane Hðx s ; N @K s ðx s ÞÞ-Hðx s ; N @K ðx 0 ÞÞ: The point x s is not necessarily in the plane seen in Fig. 9 . Therefore, the angle g may appear smaller than it is. We denote the orthogonal projection of the point x s onto the two-dimensional plane seen in Fig. 9 by x s 0 : Thus both points x s and x s 0 appear in the same position in Figs. 9 Fig. 10 .
We compute the point in Fig. 10 where the line segments ½x 0 ; z and ½x s 0 ; v intersect.
In Fig. 10 we introduce the ðu; wÞ-coordinate system. The origin in the ðu; wÞ-plane is at x 0 À D s N @K ðx 0 Þ: In this coordinate system the line through x 0 and z has the equation 
where a is as in Fig. 10 . w is smaller than the radius of the largest cap. We have
Since x 0 AH À ðx s ; N @K s ðx s ÞÞ (see Fig. 9 ) h s Xrð1 À cos aÞ:
Therefore, for D 0 sufficiently small
Together with (49) and (50) we get wXC ffiffiffiffiffi D s p for some constant C: Thus there is a constant C such that for all D s pD 0
Now we show the inverse inclusion to (52).
The angle between N @K ðx 0 Þ and N @K s ðx s Þ is a: Therefore, the radius of the n À 1-dimensional Euclidean ball (see Fig. 11 Suppose that the indicatrix of Dupin exists at x 0 and is an ellipsoid (and not a cylinder). For all s such that K s a| and 0AK s ; let x s be defined by fx s g ¼ ½0; x 0 -@K s : Then for every e40 there is s e so that for all s with 0osps e the points x s are interior points of K and
In [SchW2] this lemma has a stronger assumption. We assume there that the function f is continuous at x 0 : It is not difficult to check that the arguments in the proof hold also with assumption (54).
Lemma 21. Let K be a convex body in R n : Let f : @K-R be an integrable function with respect to the surface measure. Then for almost all x 0 A@K where the generalized Gauss curvature exists and is different from 0 the following limit exists and satisfies the equation: 
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where
Proof. As in the case of the Euclidean space R n it is shown (see e.g. [Fo, 
(ii) Let E be an ellipsoid in R n centered at 0 with principal axes a 1 e 1 ; y; a n e n and let H ¼ Hða n e n ; xÞ: Let D be the minimal height of a cap E-H À ðða n À DÞe n ; e n Þ such that
and assume that Dpminf a n 2 ; 1g: Then
q is the radius of the cap B n 2 -H À : Therefore where x is the normal to H: As in the proof of (i) vol nÀ1 ðB n 2 -SðHðða n À DÞe n ; e n ÞÞÞp2 nÀ1 vol nÀ1 ðB n 2 -SðHÞÞ:
Therefore, using (55)-(57)
a i jjSðxÞjjvol nÀ1 ðB n 2 -SðHðða n À DÞe n ; e n ÞÞÞ ¼ 1 2 nÀ1 a n jjSðxÞjjvol nÀ1 ðE-Hðða n À DÞe n ; e n ÞÞ X 1 2 nÀ1 a n jjSðxÞjj 
x n a n ¼ 1 a n /x; e n S X 1 a n min xA@E-Hðða n ÀDÞe n ;e n Þ /N @E ; e n S X 1 a n 1 þ 8a n min 1pipnÀ1 a 2 i À 1 2
:
For the last inequality see the proof of Lemma 1.3 of [SchW2] . We use also that Dp1: & Lemma 23. Let K be a convex body in R n such that 0 is an interior point of K and let f : @K-R be an integrable function with R @K f ðxÞ dm @K ðxÞ ¼ 1 and such that f X0 a.e. Proof. Let x 0 A@K: Since f is a.e. strictly greater than 0 we may assume that f ðx 0 Þ40: (16) holds for all s with 0ospT; that is
In the same way we obtain the inverse inequality. 
(i) We now assume that the indicatrix of Dupin at x 0 is an ellipsoid. By Lemma 3(ii) x s is then an interior point of K: By (16) and (58) 
This finishes the proof of Lemma 23(i).
(ii) Recall that, since f is a.e. strictly greater than 0 we may assume that f ðx 0 Þ40: We first consider the case that there is s 0 40 such that Now we treat the case that for all s40 the point x s is an interior point of K: The indicatrix of Dupin at x 0 is an elliptic cylinder and we may assume that the first k axes have infinite lengths and the others not. Then, for every e40; there is an ellipsoid E and s e 40 such that for all sps e we have that 
